[.ezione n. 10

Formulazioni integrali (formulazione integrale di
volume per problemi di correnti indotte, cenni su
boundary elements)
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Field equations

The mathematical model describing the eddy current problem in non-magnetic conductors at low
frequencies is given by [1] the quasi-stationary Maxwell equations:

VxH=1J (A.1.1)
: B
VxE=-— (A.1.2)
ol
in the conducting domain V., with the constitutive properties:
J =of (A.1.3)
B=,H (A.1.4)

and suitable initial conditions giving V-B =0 everywhere and ||B|| n = 0 at any material interface.
Here n is the normal to the interface and ||| stands for the jump of the quantity at the interface.

In the external region R° —V_the field equations are

VxH=1J, (A.1.5)
V-B=10 (A.1.6)
with
B=u,H (A.1.7)
The problem is closed by regularity conditions at the infinity and the interface conditions:
|H[><n=0 (A.1.8)
OB -
—la=0 (A.1.9)
ct
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Magnetic vector potential

Faraday's law (A.1.2) is automatically satisfied by assuming

E--A vy (A.1.10)
ot
The magnetic vector potential is defined by V x A = B with the Coulomb gauge V-A =0 and

regularity conditions at infinity. Consequently, eqs.(A.1.2), (A.1.4) and (A.1.5) allow to express A
in terms of the unknow 11 solennidal current density:

ya

r, ) = ”[ +A_(r.0 (A.1.11)
4r |r
where A; is the magnetic wectm potential given by the sources located in R* -V
/ J ('),
A =2 ,L,dv (A.1.12)
47 Ve |r—r]
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Weighted residuals

Constitutive equation (A.1.3) can be verified in an average sense by adopting the weighted residual
approach:

[W(cI-BdV=0 vwes, (A.1.13)

where S is the subspace of L%, (V.) defined by
S = {,l el’,.V-J=0inV_ J-n=0o0ncV, J': (A.1.14)

Substituting (A.1.10) and (A.1.11) in (A.1.12), we finally obtain the weak form

E}js Id"[,f =0, YWeS (A.1.15)
7|

jw{ f““j |rr D v (rg) |+

JeS (A.1.16)

In (A.1.15) the term related to the scalar potential ¢ disappeared because of the solenoidality of the
weighting functions W and the boundary conditions W-n =0 on ¢'V_. The possible presence of
electric terminals will be considered in section 5
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Finite element formulation

A numerical solution is obtained by applying Galerkin's method to eq. (A.1.15). The unknown is
the current density vector J which we represent as the linear combination of n basis functions

J(r.) =) 1,()J,(r) (A.2.1)

According to the Galerkin's method we choose n independent weighting functions as W, =J,.

Condition J, € Scan be satisfied by introducing the electric vector potential T (J =V xT) and

adopting edge element shape functions (see Section 3) for T. The uniqueness of the vector potential
is assured by the gauge T-w =0where w is an arbitrary vector field which does not possess closed
field lines. This gauge is conveniently imposed directly on the basis functions, introducing the tree-
cotree decomposition of the mesh and eliminating the degrees of freedom associated to the tree
edges as described in Section 4. Condition J,-n=0o0n ¢V.can also be imposed on the shape

functions using the approach described in Section 5. The shape functions are therefore derived
from the n basis functions for the gauged vector potential:

J, =VxN, (A.2.2)
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Matrix definition

In this way, Galerkin's method applied to (A.1.15) gives:

LA Rri-y (A23)
where [ is the column vector made of the [; s and
(V), é—f‘?xl‘i,(r)-i—;As(r, (Mdr (A.2.4)
v O

R), 2 jvxw,(r) o 'V N (r)dr (A.2.5)

oty ¢ VEN(r)- VN (r )d
r'dr. A26
Az J. —[ |r — r| ( )
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Nodal shape functions for scalar fields

The nodal function N, associated to the k-th node is continuous, piecewise

polynomial with: = SN (£ 0 Oy
Nﬁ_(]"ﬁ_)zl ; ﬁ-(bafaf:;) k
N, (r,)=0, k=m y=Y N (&n. Oy,
N ( rel e
_;;p ! }I Z= ZNk(gsr}sg)zﬁ
kel

NI:é N2:77: N3:é/

N, =1-E—n— .
hemre N (End) =+ S (+E6) M) 14+.45))
Tz:y ! ;
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3 n
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isoparametric tetrahedron " isoparametric brick element
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Edge element based shape functions for vector fields

The line integral of N, along the edge e (from node 7 to node j) is one:

N, =1 (A.3.8)
.}
The line integral of N, is zero along any other edge {/, k} = {i, j} and {k, 1} = {7, j}:

N, -di=0 (A.3.9)
(h
The tangential components of N, are continuous across the face of adjacent elements since
the scalar functions /V; are continuous.
The normal components of N, are not necessarily continuous.

N.and VN belong to the same functional space: the gradient of a nodal shape function is
given by a linear combination of the edge shape functions having in common that node:

VN, = > G,N, (A.3.10)

e=11
where E is the number of edges of the mesh and G is the Ex/ VP incidence matrix defined by:

+1if e= {j, J*}' and m= j In a tetrahedron

G, =+-lif e= {1 j} and m= i 3 Ui
. e={12}) =
0 otherwise

Ne:N]VNz_N2VNI 4 1 é:
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Tree-cotree decomposition

VT =" xT1=] Ty -w=T:-w=1) in Vv {40G)

If V isa simply connected region, then the difference can be expressed as the
gradienl ol a scalar funclon y:

Ty — T2 = Vi, in v (47)

Letus ik a relerence poit F, and take an arbitcary point P in V. If there always
exists a lield line ¢ of wihal connects P to the reference point £, we get

¢ =y = [ vgta=o (48)
Py P
since 1, the unit tangent vector oy, is parallel tow and Vi -w = (T, —T)) -w =
0. Therelfore, ¢ is everywhere equal o its arbitrarily fixed value in Py, hence
Ty T, = Vi = I, which proves the uniqueness of T,
Letus veler to the graph formed by nodes and edges of the edge elemenis mesh,
A5 shown by {75), the Mux of ] = ¥V = T across any clementary face is related
to the circulation of the vector palential along the edges identilying the face, We
decompose the graph in an arbirary tree, formed by P — | edges, and the cotree,
lormed by the residual £ — P 4 | edges. According o the fundamentals of the
cireuit theory, each edge ol the colree closes a single independent loop with the
ciges vl the tree, and the circulation along wny othee loup can be oblained by linear
combination of the circulations along the £ — P + 1 independent loops associated
with the edges of the cotree. Henceforth, and degrees of freedom corresponding
lo the edges ol the tree can be climindted, leaving a reduced set of coellicients
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Boundary conditions for simply connected regions

be known. Obviously, to have € continuous at the interfaces helween Vey Vo Ainiel
V — Vi — Vi, we should impose T x n = 0 an the boundary of 'V — V. — V. This
is straightforward if Vv — V. — V. isg simply connected. In fact, in this cose, we
can use the same lechnique utilized to impose the boundary condition B n = ()
In the A, g formulation. Namely, we [onmn the tree in such o way that a subseq
of it, the boundary lree, is a tree for the graph formed by nondes and edges lying
on the boundary of ¥ — V. — V. 1u this way the degree of ficedom associated

with each boundary edge of (he cotrez is the 1otal current crossing a surface lying

L]
on the boundary (related to the loop closed by the tree and that boundary cdge),
which must be zero. Hencelurth, the condition is met by simply eliminating the
degrees of freedom associated with the bounda y edges of the cotree. In this way,
the basis functions T, o the gauged potential T are given by the edge element
shape Tunctions N, associated with the n,, active edpes.
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Nonlinear eddy current problem

weighted residual approach;

JedsS
Me L (V)

/ W. ) —EjdV =0, YWEeS
I

/ W [N GBI dV =0, YWy e L7V
L

 Convergence guaranteed for suitable Picard iterations (for monotonic G)

* Further problems: hysteresis, motion, ... B = Bk a5 B o Joo, 0 x x—x) .
' 5 [ 4]1_ Iv |K &= x.l|3
7 (g v =% v
FpuaM— 22w M dVv
FHR T / = xp
; , A —xy
+ 1 / MX', 1) ————= S
4 Jav, [x — x|
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Formulazioni integrali e differenziali: confronto

* Differenziali:

—  Discretizzazione anche dei domini omogenei (compresi aria e vuoto)

—  Problemi nel trattamento di domini non limitati

—  Campi generalmente continui e solenoidali solo in forma debole

—  Matrici sparse e calcolate rapidamente

—  Termini da integrare sufficientemente regolari

—  Trattamento automatico di mezzi non lineari, disomogenei ed anisotropi
o Integrali.

—  Limitato costo di discretizzazione

—  Condizioni di regolarita all’infinito tenute automaticamente in conto

—  Campi magnetici in genere continui e solenoidali

—  Matrici piene calcolate tramite integrali doppi di volume

—  Singolarita

—  Problemi nel trattamento di mezzi non lineari, disomogenei ed anisotropi
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Cenni su1 “boundary elements” (1)

« applicazione al problema di Poisson: 20 (VZ(p =q in Q
«  in dominio non limitato Q Q 19=J sudQ
@ regolare all' infinito

e con Dirichlet BC:

e  Formule di Green:

2 o2 _ ap  y
Jo 0V -V =y ——p—)dx

« Equazioni integrali al contorno utilizzando la soluzione fondamentale F

jQquQ —ag :LQ(F%— %)dz
VF=6 inR" 1 in €2
{gp regolareall'infinito a =<1/2  su 0€2 (punti regolari)
F=1/41x-x"| in R’ -
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Cenni su1 “boundary elements” (2)

* Applicazione del metodo dei residui pesati:

[ Fade-apri=[ [ e %y s

« Scelta delle incognite: cp/on, o (densita di sorgenti superfic. of op/ch]
nel problema ausiliario interno+esterno); @ dove non c’e Dirichlet BC

* Funzioni di base e di peso (ammissibili anche costanti a tratti)
Confronto con altr1 metodi

* Singolarita

*  Discretizzazione richiesta solo sul contorno

*  Necessita di disporre della soluzione fondamentale

Accoppiamento con altri metodi (es. FEM-BEM)
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